The realization of the strong coupling regime is requisite for implementing quantum information tasks. Here, a method for enhancing the atom-field coupling in highly dissipative coupled cavities is proposed. By introducing parametric squeezing into the primary cavity which is only virtually excited under specific parametric conditions, coupling enhancement between atom and auxiliary cavity is realized for proper squeezing parameters. This enables the system to be robust against large cavity decay and atomic spontaneous emission. The observation of vacuum Rabi oscillations show that the originally weak-coupled system can be enhanced into effective strong coupling regime. *
could be of significant utility for relaxing the restriction in cavity Q. By choosing proper parameters, vacuum Rabi oscillations are observed, manifesting the highly dissipative coupled cavities system in the effective strong coupling regime. In addition, diverse dynamics of the system are also demonstrated in the proposed scheme.
The remainder of the paper is structured as follows. In section II A, we describe the physical model of the system and give the Hamiltonian in the presence of squeezing. In section II B, we use the Bogoliubov squeezing transformation to diagonalize the Hamiltonian and derive the effective Hamiltonian describing the indirect atom-cavity interaction under large detuning condition. In section III, we show how the scheme enables extremely strong decay of both cavity mode and atom. The properties of the system are investigated under various parametric conditions where rich dynamics are demonstrated. Finally, we briefly discuss the possible experimental implementations of the scheme and summarize our conclusions in section IV.
II. COUPLING ENHANCEMENT INDUCED BY PARAMETRICALLY SQUEEZING THE CAVITY MODE

A. Model
We consider a quantum system consisting of two coupled optical cavities, as sketched in Figure 1 .
The first primary cavity (with resonance frequency ω a and decay rate κ 1 ) supports optical mode a, while the second auxiliary cavity (with resonance frequency ω c and decay rate κ 2 ) supports optical mode c. Two cavities are coupled by the photon hopping with strength J, which can be tuned by changing the distance between them. The primary cavity contains a two level atom with transition frequency ω 0 and a χ (2) nonlinear medium that is pumped with frequency ω p , amplitude Ω p and phase θ p . Notably, the nonlinearity of the medium is used to induce a squeezed cavity mode [17] . A high bandwidth squeezed vacuum field, which can be thought of as a squeezed vacuum reservoir (with squeezing parameter r e and reference phase θ e ), is injected into the primary cavity [15] . Experimentally, the proposed scheme could be implemented in the photonic crystal cavity, inspired by experimental advances in the coupled nanocavity arrays based on photonic crystals in present experiments [1, 8, 9, 22, 23] . The squeezing environment is generally implemented via the process of optical parametric amplification (OPA) [24, 25] .
In the frame rotating at half the squeeze frequency ω p /2, the Hamiltonian of this system is FIG. 1. Schematic of the system. Two optical cavities are coupled with hopping rate J. A two level atom confined in the first primary cavity is coupled to cavity mode with coupling strength g. A χ (2) nonlinear medium is used to induce a squeezed cavity mode, which is strongly pumped at frequency ω p , amplitude Ω p and phase θ p . The primary cavity couples to a squeezed-vacuum reservoir that can be generated by optical parametric amplification with squeezing parameter r e and reference phase θ e . The decay rates of the atom and the two cavities are γ, κ 1 , and κ 2 , respectively.
given by (h=1)
Here, the two-level atom is described by the Pauli operator σ z = |e e| − |g g| and the transition operators σ + = σ † − = |e g|, where |e and |g are the excited state and the ground state, respectively. The detunings are ∆ a = ω a − ω p /2, ∆ c = ω c − ω p /2, and ∆ q = ω 0 − ω p /2.
B. Enhancement of the Indirect Atom-cavity Coupling
The Hamiltonian can be diagonalized by introducing the Bogoliubov squeezing transformation [21, 26] , where the squeezing parameter r p is defined as
where ∆ s = ∆ a sech(2r p ) denotes the squeezed cavity frequency, and θ p is set to zero for simplicity.
Here, we assume that the cavity mode a is initially in the vacuum state. Under the rotating-wave approximation (neglecting the terms that oscillate with high frequencies ∆ s + ∆ q , ∆ s + ∆ c ) and 
In this case, the enhancement in atom-cavity coupling can be realized by simply adjusting the squeezing parameter r p . In addition, to realize the coherent energy exchange between the atom and the cavity field, the parametric condition for resonant interaction ∆ e − ∆ c + ∆ q − ∆ c = 0
should also be satisfied.
III. ROBUSTNESS AGAINST STRONG DISSIPATIONS
We now take the dissipations into consideration. In the absence of cavity mode squeezing, the dynamics of the system (as depicted in Figure 1 ) can be described by the master equatioṅ
where
, κ 2 and γ are the decay rates of the primary cavity a, the auxiliary caivty c and the atom, respectively; N = sinh 2 (r e ) denotes the mean photon number of the squeezed field, and M = cosh(r e ) sinh(r e )e iθe denotes the strength of the two-photon correlation [28] . In Figure 2a , we plot the time evolution of the mean photon numbers a † a , c † c and the probability of the atom being in the excited state P e (t), by numerically solving the master equation (5) . Here, we first consider the case that the cavity mode a is coupled to a thermal vacuum bath (i.e., r e =0). The squeezed field is employed specifically for resisting the noise induced by cavity mode squeezing (see below). The primary cavity and the trapped atom are originally set as a weak-coupled cavity QED system with κ 1 g. Typical vacuum Rabi oscillation is clearly observed, indicating the effective strong coupling between the atom and the cavity mode c. The extremely small occupancy of a † a confirms that the cavity mode a is only virtually excited. Therefore, a large cavity decay rate κ 1 = 10g can be chosen.
FIG. 2. (a-c)
Time evolution of the mean photon numbers a † a (green curves), c † c (blue curves), and the probability of the atom being in the excited state P e (t) (red curves). In (a): r p = r e = 0, θ e = 0, κ 1 = 10g, and κ 2 = γ = 10 −3 g. In (b): r p = 4, r e = 0, θ e = 0. In (c): r p = r e = 4, θ e = π. In This relaxes the restriction of high Q for the resonators, especially the photonic crystal cavities possessing relatively low Q factors. It is noteworthy that the decay rate of the auxiliary cavity is required to be low (κ 2 /g = 10 −3 ) for effective atom-cavity interaction in the present scenario.
Nonetheless, the experimentally reported figure-of-merit g/κ for a photonic-crystal nanocavityQDs coupled system is limited to below 10 [9] .
Perhaps more interesting is the ability of our scheme to allow larger decay rates of both atom and two cavities via parametrically squeezing the cavity mode. However, the squeezing of the cavity mode can introduce additional noises into the cavity, which immensely destroys the dynamics of the system (see Figure 2b) . In principle, squeezing the cavity mode induces an enhancement in the system-reservoir coupling. In view of this, we employ the auxiliary squeezed field (reservoir) to offset the enhancement in system-reservoir coupling by appropriately parametric matching. This is equivalent to coupling the squeezed cavity mode to an effective vacuum reservoir. The method was proposed in [15, 17] and also generalized in our recent study [21] . The master equation in terms of a s is re-expressed aṡ
where N s and M s are given, respectively, by
When we choose r e = r p and θ e + θ p = ±nπ (n = 1, 3, 5 · · · ), N s and M s can be simplified to 0. In this way, the additional noise induced by squeezing the cavity mode is eliminated completely, and the master equation (6) is simplified to the standard Lindblad forṁ
In comparison with the case without exploiting the squeezing field (Figure 2b ), the recovery of oscillations can be clearly observed, as shown in Figure 2c . In contrast1 with the case without squeezing the cavity mode (Figure 2a) , a remarkable enhancement of atom-cavity coupling is observed in view of the shrink in oscillation period. The influence of the cavity decay κ 1 on the adiabatic elimination of the squeezed cavity mode a s is discussed in Appendix. The enhancement of atom-cavity coupling for different squeezing parameter r p , defined as g rp /g 0 and obtained by comparing the oscillation periods for various r p with the period for r p = 0, is plotted in Figure 2d .
It is noted that there is a small invalid region of enhancement with g rp /g 0 < 1. This means that the threshold of the rise of the enhancement curve requires a larger squeezing parameter compared to previous report [15] . This may be understood clearly from the analytical expression of the effective coupling (see Eq. (4)). Obviously, g eff is approximately in direct proportion to two parts, i.e., exponential r p and inverse detuning difference. With the increase of r p in the small region, the enhancement of coupling contributed by exponential r p does not compensate the weakening induced by inverse detuning difference, resulting in a decrease in g eff as a whole. For increasing r p outside the small region, the increase in exponential r p becomes dominated over the decrease in inverse detuning difference, therefore, the rise of g eff curve can be observed. Nevertheless, the larger decay rates κ 1 = 100g, κ 2 = 0.1g, and γ = 0.1g can be taken for modest squeezing parameters, indicating the ability of our scheme to resist strong dissipations. Although in our scheme the auxiliary cavity is also required to possess a relatively high Q (i.e., κ 2 ¡ g), the rigorous restriction in cavity Q (i.e., g/κ 2 ∼ 10 3 ) can be loosened considerably via the cavity mode squeezing. Further, the squeezing can effectively enhance coupling strength J, so that ideal oscillations also occur for J < g (not shown here). This could be of particular utility in real systems with weak coupling between neighbouring cavities.
In what follows, we investigate the properties of the system when specific parameter conditions, 
with the effective coupling coefficient being
By choosing specific parameter conditions given above, the rotating-wave interactions between the atom and the cavity mode c can be eliminated effectively. We assume initially the atom is in the ground state and the two cavity modes are in their vacuum states. As shown in Figure 3a , oscillation between atomic ground state and cavity mode c for several periods can be observed, with the maximum occupancy in mode c exceeding 0.8. In the present system, the steady states of the atom and cavity mode c are superposition states, which is different from that in the parameter regime in Figure 2c . When we further increase the difference between κ 2 and γ (e.g., κ 2 = 0.2g and γ = 10 −3 g), the dynamical evolution of the system is plotted in Figure 3b . As expected, the incease in cavity decay does not destroy the oscillations due to smaller atomic dissipation. In addition, we see that the steady state of the atom and the cavity mode c become excited and vacuum states, respectively. When dissipations are not considered, the transition |g |0 c ↔ |e |1 c occurs continually under the Hamiltonian (9) . While a larger cavity decay compared to the atomic spontaneous emission will relax the state |e |1 c to |e |0 c , resulting in the observed steady states FIG. 3. (a,b) Time evolution of the mean photon numbers a † a (green curves), c † c (blue curves), and the probability of the atom being in the ground state P g (t) (red curves). The parameters are: r p = r e = 4, of the system. Figure 3c shows the enhancement of coupling as a function of r p ranging from 1 to 4. For r p = 0, there is no coupling between the atom and the auxiliary cavity, i.e., g eff = 0. The red curve and blue squares correspond to analytical and numerical results, which are obtained from Eq.
(10) and the comparison in oscillation periods, respectively. With modest squeezing parameters, dramatically enhancement of atom-cavity coupling is achieved in the present parameter regime.
IV. DISCUSSION AND CONCLUSION
We briefly discuss the possible experimental implementations of the proposed scheme. The pumped χ (2) nonlinear resonator (e.g., photonic crystal cavities [34] or whispering gallery microcavities [35] ) coupled to an atomic emitter is a promising setup for realizing our scheme. The configuration of the two-level atom can be realized in alkali-metal atoms, e.g., cesium [36] and rubidium [4, 37] . The high bandwidth squeezed field can be generated via pumping a second-order nonlinear medium, e.g., periodically-poled potassium titanyl phosphate (PPKTP) crystal [24] .
Squeezing of the cavity mode using PPKTP crystal is also demonstrated in [38, 39] . In addition, solid-state system can also be considered as an alternative implementation, particularly the circuit QED system where superconducting qubits are employed as two-level artificial atoms coupled with inductance/capacitance resonator or coplanar waveguide resonator [40] [41] [42] . Squeezing inside the cavity is achievable by inserting a superconducting quantum interference device (SQUID) [43, 44] .
Since the discussed model is generic, our scheme is not limited and could be applied to diverse physical systems.
In conclusion, we have demonstrated that parametrically squeezing the cavity mode enables enhancement of atom-field coupling in highly dissipative coupled cavities. By introducing squeezing into the primary cavity where the mode can be adiabatically eliminated for large detuning and adjusting the squeezing parameter, coupling enhancement as well as effective strong coupling between atom and auxiliary cavity are realized when specific conditions are satisfied. The additional noises of the squeezed mode can be suppressed via parametric matching with an auxiliary squeezed field. In comparison with existing schemes, our proposal allows larger rates of both atomic spontaneous emission and cavities decay due to the employment of squeezing. The restriction in cavity Q as well as coupling strength between neighbouring cavities can be loosened considerably. Our method can be applicable to different physical system, and will find various applications in quantum information processing, e.g., entanglement preparation and quantum gate implementation.
APPENDIX
In this section, we mainly discuss the influence of the cavity decay κ 1 on the adiabatic elimination of the squeezed cavity mode a s . In the interaction picture, the Hamiltonian (2) can be divided into two parts in accordance with the rotating and counter-rotating-wave interactions
where ∆ r = ∆ q (∆ c ) − ∆ s . Starting from Eq. (12), the standard Heisenberg-Langevin equation for operator a s is given bẏ
On condition that the cavity mode a s is adiabatically eliminated,ȧ s = 0 should be satisfied.
By solving Eq. (13), we obtain the effective operator form of a s corresponding to the rotating interactions
Following the same method as above, it is easy to obtain the effective operator form of a s corresponding to the counter-rotating interactions
where ∆ cr = ∆ q (∆ c ) + ∆ s . By substituting Eqs. (14) and (15) to the standard Lindblad master equation, we obtain the effective master equation after eliminating the squeezed cavity modė
where a s,r and a s,cr are given, respectively, by
a s,cr = g sinh(r p )σ + + J sinh(r p )c † .
Although the squeezed cavity mode with decay rate of κ 1 is eliminated, it is shown that the effective decay rates κ 1 /[∆ 
